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Abstract: We introduce a new free entropy invariant, which yields significant im- 
provements of most of the applications of free entropy to finite von Neumann algebras, 
including those with Cartan subalgebras, simple masas, property T, property T, non- 
prime factors, and thin factors. 



1. Introduction 

The theory of free probability and free entropy was introduced by Voiculescu in 
1980's. In his papers pQ [2], Voiculescu introduced the concept of free entropy dimen- 
sion and used it to provide the first example of Hi factor that does not have Cartan 
subalgebras, which solves a long-standing open problem. Later Ge in [3] showed that the 
free group factors are not prime, i.e., are not a tensor product of two infinite-dimensional 
von Neumann algebras. This also answers a very old open question. In U, Ge and the 
second author computed free entropy dimension for a large class of finite von Neumann 
algebras including some Hi factors with property T. 

Here we introduce a new invariant, the upper free orbit-dimension of a finite von 
Neumann algebra, which is closely related to Voiculescu's free entropy dimension. Sup- 
pose that Ai is a von Neumann algebra with a tracial state r. Roughly speaking, if 
xi, . . . ,x n generates Ai, Voiculescu's free entropy dimension 5q (x±, . . . , x n ) is obtained 
by considering the covering numbers of certain sets by w-balls, and letting to approach 0. 
The upper free orbit-dimension M 2 (xi, ■ ■ ■ ,x n ) is obtained by considering the covering 
numbers of the same sets by ^-neighborhoods of unitary orbits (see the definitions in 
section 2), and taking the supremum over u, < uj < 1. It is easily shown that 

8 (xi,...,x n ) < 1 + M 2 (xi,...,x n ) 

always holds. Most of the important applications involving 5q involve showing 
5o (xi, . . . , x n ) < 1, while we see that it is much easier to show 8. 2 {x\, . . . , x n ) = 0. 

The upper free orbit-dimension has many useful properties, mostly in the case when 
^2(^1, • • • j Xn) = 0. The key property is that if ^2(2/1, • • • , Up) = for some generating 
set for Ai, then & 2 [xi, • • • ; x n ) = for every generating set. This fact allows us to 
show that the class of finite von Neumann algebras Ai with & 2 (Ai) = is closed under 
certain operations that enlarge the algebra: 

(1) If & 2 (A/"i) = = and Mi n N 2 is diffuse, then ^ 2 ((M UAf 2 )") = 0. 
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(2) If Ai = {JV, u}" where TV is a von Neumann subalgebra of Ai with R 2 (Af) = 
and u is a unitary element in Ai satisfying, for a sequence {v n } of Haar unitary 
elements in TV, distiiii (uv n u* ,7V) — > 0, then ^( -A4) = 0. 

(3) If {/Vj^-L is an ascending sequence of von Neumann subalgebras of Ai such 
that ^ 2 (A/"i) = for alH > 1 and Ai = 1 J~Mf° T , then R 2 (M) = 0. 

Using these closure operations as building blocks, and the easily-proved fact that M 2 (Ai) = 
whenever Ai is hyperfinite, we can can show that & 2 {Ai) = for a large class of von 
Neumann algebras. As a corollary we recapture most of the old results. In particular, 
we extend results in [2j, [2j, gj, 0, jfj], 0, [Sj, [To] . 

2. Definitions 

Let A^fc(C) be the fc x fc full matrix algebra with entries in C, and be the normal- 
ized trace on Aik{C), i.e., = |Tr, where TV is the usual trace on .Mfc(C). Let W(A;) 
denote the group of all unitary matrices in A4 k (C). Let Aik{C) n denote the direct sum 
of n copies of A4k(C). Let || • ||a denote the trace norm induced by on Aik(C) n , i.e., 

\\(A U . . .,A n )f 2 = Tk{A\A\) + ... + r k (A* n A n ) 

for all (A 1 ,...,A n ) in M k (C) n . 

For every to > 0, we define the a;-ball Ball(B\, . . . , B n ; to) centered at (Bi, . . . , B n ) 
in Mk(C) n to be the subset of Mk(C) n consisting of all (Ai,..., A n ) in Mk(C) n such 
that || (Al, . . . ,A n ) — (Bx, . . . ,£? n )|| 2 < to. 

For every to > 0, we define the w-orbit-ball U{B\ , . . . , B n ;uj) centered at (B\, . . . , B n ) 
in 7Wfc(C)" to be the subset of Mk(C) n consisting of all (A x , . . . , A n ) in Mk{C) n such 
that there exists some unitary matrix W in U{k) satisfying 

||(Ai, . . . , An) - (WB X W\ . . . , WB n W*)\\ 2 < u. 

Let Ai be a von Neumann algebra with a tracial state r, and xi, . . . ,x n be elements 
in Ai. We now define our new invariants. For any positive R and e, and any m, k in 
N, let Tr(xi, . . . , x n ; m, k, e) be the subset of Aik(C) n consisting of all (A\, . . . , A n ) in 
Ai k (C) n such that \\Aj\\ < R, 1 < j < n, and 

l^-^)-r«-*5)|<e, 

for all 1 < ii, ■ ■ ■ ,i q < n, all 771, . . . , 7y g in {1, *}, and all g with 1 < q < m. 

For u; > 0, we define the w-orbit covering number z^(r/j(xi, . . . , x n ; m, /c, e), w) to be 
the minimal number of w-orbit-balls that cover r#(;ci, . . . , x n ; m, k, e) with the centers 
of these a;-orbit-balls in Tr(xi, . . . ,x n ;m,k,e). Now we define, successively, 

e( x , x-loR)- inf limcup IggMEM^ : : : ' x "? m ' fc ' e )'^)) 

j-t^xi , , • • • , x n , u;, -fij — mi 11111 sup r-^— 

m£N,e>0 fc->oo — Arlogu; 

R(xi, , ... ,x n ;u) = sup£(xi, ,x n ;uj,R) 
R>0 

&i(xi, , ... ,x n ) = limsup^(xi, ,x n ;uj) 
R 2 (xi, , . . . ,x n ) = sup 8(xi,,...,x n ;u), 

0<LU<1 



3 

where &i(x\, , . . . , x n ) is called the free orbit- dimension of xx, . . . , x n and &2(xx, , • • • > x n ) 
is called the upper free orbit- dimension of xi, . . . x n . 

In the spirit as in Voiculescu's definition of free entropy dimension, we shall also 
define free orbit-dimension and upper free orbit-dimension of xi,...,x n in the pres- 
ence of y\ y p for all x\, . . . , x n , yi, . . . , y p in the von Neumann algebra M. 
as follows. Let Fr(xi, . . . ,x n : y±, . . . ,y p ;m, k, e) be the image of the projection of 
T R (xx, . . . , x n ,yi, . . . ,y p ;m, k, e) onto the first n components, i.e., 

(Ax, . . .,A n ) £ T R (xi, ...,x n :yi,...,y p ;m, k,e) 

if there are elements B\, . . . , B p in Alfc(C) such that 

(Ax, . . . ,A n ,B x , . . . ,B P ) e T R (xi, ...,x n ,yi,.. .,y p ;m, k,e). 

Then we define, successively, 

...,x n :yi,...,y p ;u,R) 

log(v(T R (xx,...,x n :yx,...,y p ;m,k,e),u)) 
= mi hm sup -5- - 

m£N,e>0 fc-^oo —k A iOgUJ 





• , x n '. yx, ■ . 


■ , y P ; 


= sup &(xi, . . 


■ , x n : y\i ■ ■ 


■ , y P ; u, R) 






R>0 




&i(xi, ■ ■ 


■ , x n : yx, ■ ■ 




limsup^(xi, . 


■ ■ , x n ■ yi , • 


■ ■,y P ; u) 


&2{X\, ■ ■ 


.,x n :yi,.. 


■ ,y P ) = 


sup &(xi,.. 


.,x n :yx,.. 





0<uj<1 

Definition 1. Suppose M is a finitely generated von Neumann algebra with a tracial 
state t. Then the free orbit-dimension &x(M) of M is defined by 

Rx(M) = sup{J^i(xi, . . . ,x n ) I xx, ■ ■ ■ ,x n generate J^A as a von Neumann algebra}, 

and the upper free orbit-dimension ^(-M) of A4 is defined by 

&2(M)= SUp{£ 2 (xi, . . . ,x n ) I xx, . . . ,x n generate A4 as a von Neumann algebra}, 

Here, we quote a useful proposition from jllj 

Proposition 1. Suppose M is a hyperfinite von Neumann algebra with a tracial 
state t. Suppose that family of generators of M. . Then, for every uj > 0, 

R > maxi<j< n \\xj\\, there are a positive integer m and a positive number e such that 
the following hold: for all k > 1, if Ax, ■ ■ ■ , A n , Bx, ■ ■ ■ , B n in A4k(C) satisfying, (a) 
< \\AjW, \\Bj\\ < R for all 1 < j < n; (b) 

\r k (Af i -..Al)-r(xf i ---xl)\<e 

\T k m---Bl»)-T(xr i ...xl)\<e, 

for all 1 < ix, ■ ■ ■ ,i p < n, {i]j}? = x C {*, 1} and 1 < p < m, then there exists a unitary 
matrix U in U(k) such that 

n 

^2\\U*AjU - Bj\\ 2 <uj. 
3=1 
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3. Key Properties of M. 2 

Lemma 1. Let xx, . . . , x n be self-adjoint elements in a von Neumann algebra hA with 
a tracial state r. Let 5o(xx, . . . , x n ) be Voiculescu's free entropy dimension. Then 

S (xi, ...,x n ) < Rx(xx,.. .,x n ) + l< & 2 (xi, ...,x n ) + l. 

Proof. The first inequality follows from Theorem 14 in jllj . and the second in- 
equality is obvious. □ 

Lemma 2. Let xx, ■ ■ ■ , x n , yx, ■ ■ ■ , y p be elements in a von Neumann algebra M with 
a tracial state r. Lfyx, ■ ■ ■ ,y p are in the von Neumann subalgebra generated by xx, . . . , x n 
in A4, then, for every < u < 1, 

...,x n ;uj) = R(xi, ... ,x n : yx,.. -,y P ;u). 

Proof. It is a straightforward adaptation of the proof of Prop. 1.6 in |2 (see also 
Lemma 5 in [11] ). Given R > maxi<j< p \\yj\\, m € N and e > 0, we can find mi £ N 
and ei > such that, for all k G N, 

T R (xx, ■ ■ .,x n ;mx, k,e x ) C T R (xx, . . . , x n : yx, . . . ,y p ;m,k,e) 

C T R (xx,...,x n ;m,k,e). 

Hence 

v(T R (xx, . . . ,x n ;mx,k, ex),u) < u(T R (xx, . . . ,x n : y 1: ■ ■ ■ ,y p ;m,k, e),u) 

< u(Tr(xx, ... ,x n ;m, k, e),u), 
for all < uj < 1. The rest follows from the definitions. □ 

The following key theorem shows that, in some cases, the upper free orbit-dimension K z 
is a von Neumann algebra invariant, i.e., it is independent of the choice of generators. 

Theorem 1. Suppose M is a von Neumann algebra with a tracial state r and is 
generated by a family of elements {xx, ■ ■ ■ ,x n } as a von Neumann algebra. If 

£ 2 (xi, . . . , x n ) = 0, 

then 

MM) = 0. 

Proof. Suppose that yx, ■ ■ ■ ,y p are elements in M. that generate M. as a von 
Neumann algebra. For every < u) < 1, there exists a family of noncommutative 
polynomials ipi(xx, ■ ■ ■ , x n ), 1 < i < p, such that 

^2\\yi-tpi{xx,...,x n )\\l< . 

8=1 

For such a family of polynomials tpx, ■ ■ ■ , ^p, an d every R > there always exists a 
constant D > 1, depending only on R, tpx, ■ ■ ■ , ^n, such that 

/ P \ V2 

f J2 WMAi, ■ ■ ■ ,A n ) - UBi, B n )f 2 j < D\\{Ax,. ..,A n )- {B x , B n )\\ 2 , 



for all (A 1 ,...,A n ),(B 1 ,...,B n ) in M k (C) n , all k € N, satisfying ||Aj||, < R, for 
1 < j ' < w. 

For i? > l,m sufficiently large, e sufficiently small and fc sufficiently large, every 
(Hi, ...,H p ,Ai,.. .,A n ) in T R (yi, ...,y p ,x 1 ,.. . ,x n ;m,k,e) satisfies 

/ p \ 1/2 

^\\H i -MAi,... ) A n )\\lj <~. 

It is obvious that such an (A\, . . . , A n ) is also in T R (xi, . . . , x n ; m, k, e). On the other 
hand, by the definition of the orbit covering number, we know there exists a set 
{U(Bi, . . . , B^; jj^)}xeA k of ^-orbit-balls that cover T R (xi, . . . , x n ; m, k, e) with the 
cardinality of satisfying |A^| = v (Tr(xi, . . . , x n ; m, k, e), ^). Thus for such 
(Ax, . . . , A n ) in r#(xi, . . . , x n ; m, k, e), there exists some X £ A k and W £ U(k) such 
that 

ll(Ai, . • • , A n ) - (WB}W*, WB$W*)\\ 2 < ^. 

It follows that 

v v 
J2 \\Hi - WMBt B$)W*\\l = \\Hi ~ MWB^W*, WB*W*)\\l < 
i=i i=i 

for some A € A& and G W(fc), i.e., 

(ffi, . . . , Hp) E u{MBl . • • , B*), • • .,M B i, ■ • • > B n);^)- 

Hence, by the definition of the free orbit-dimension, we get 

log(|A fe |) 



UJ 



< ^(yi, • • • ,y p : xi, . . . ,x n ;u,R) < inf limsup 



inf lim sup 



m£N,e>0 k^oo — fc 2 log 

log(u(T R (x 1 , ...,x n ;m, k, e), ^)) 



uJ 



meN,e>0 fc^oo —k 2 \oguj 
= 0, 

since &2(%i, • • • , a?n) = 0. Therefore &(yi, ■ ■ ■ , y p : a?i, . . . , x n ; w) = 0. Now it follows 
from Lemma 2 that 

£(yi, ■ •• >%>;^) = &(yi,-- . ,y P : xi,. . . ,x n ;^) = 0; 

whence £2(2/1, •••>%>)= and .^(.M) =0. □ 
Theorem 2. //-M is a hyperfinite von Neumann algebra with a tracial state t, then 

MM) = o. 

Proof. When Ai is an abelian von Neumann algebra, the result follows from ^ 
Lemma 4.3]. Generally, it is a direct consequence of Proposition 1, that, for each 
< u < 1, 

v (T R (xi,..., x n ,m, e, k) , u) = 1 
whenever m is sufficiently large and e is sufficiently small. □ 

The proof of next theorem, being a slight modification of that of Theorem 1, will 
be omitted. 
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Theorem 3. Suppose that M is a finitely generated von Neumann algebra with 
a tracial state r. Suppose that {.A/i}^ is an ascending sequence of von Neumann 

subalgebras of A4 such that M 2 (Ni) = for all i > 1 and Ai = UjAAj . Then 
MM) = 0. 

Definition 2. A unitary matrix U in A4k(C) is a Haar unitary matrix ifTk(U m ) = 
for all 1 < m < k and T k (U h ) = 1. 

The proof of following lemma can be found in @| ( see also [5]). For the sake of 
completeness, we also sketch its proof here. 

Lemma 3. Let Vi,V 2 be two Haar unitary matrices in Mk(C). For every 5 > 0, let 

n(Vi,V 2 ;5) = {U eU(k) \ \\UV 1 -V 2 U\\ 2 < 5}. 

Then, for every < 5 < r, there exists a set {Ball(U\; ^t)}aga °f -balls in U(k) that 

cover Q(Vi,V 2 ; 5) with the cardinality of A satisfying |A| < f|?J 

Sketch of Proof. Let D be a diagonal unitary matrix, diag(\\, . . . , where 
Xj is the j-th root of unity 1. Since Vi, V 2 are Haar unitary matrices, there exist W\, W 2 
in U{k) such that V 1 = W x DWl and V 2 = W 2 DW^. Let U(S) = {U G U(k) \ \\UD - 
DU\\ 2 < 5}. Clearly n(Vi,V 2 ;S) = {W$UWi\U G 0(<5)}; whence Vt{S) and Q(Vi,V 2 ;S) 
have the same covering numbers. 

Let {e s t}g t= i be the canonical system of matrix units of Mk(C). Let 

Si = span{e st \ \X S - \ t \ < r} S 2 = M k (C) Si. 

For every U = Y^ s ,t=\ x st e st in £1(5), with x st G C, let Ti = *£,e st eSi x ste s t G <Si and 
T i = J2e st es 2 x ste s t G «S 2 . But 

k 

8 2 >\\UD-DU\\ 2 2 =^2\(X s -X t )x st \ 2 > \(^s-X t )x st \ 2 

s,t=l e st eS2 
\ 2 I |2 2\\rr II 2 

> r 2^ \ x st\ = r \\T 2 \\ 2 . 

e s t €52 

Hence HT2H2 < |. Note that 1 1 T\ 1 1 2 < ll^lb = 1 an d dim^Si < 4r/c 2 . By stan- 
dard arguments on covering numbers, we know that Cl(5) can be covered by a set 
{Ball(A x ; f )} AeA of f -balls in M k (C) with |A| < (fl) 4 ^ . Because fi(<J) C U(k), after 
replacing yl A by a unitary LT A in Ball(A x , we obtain that the set {Ball(U\; ^-)}\eA 

of f -balls in Z/(fc) that cover f2((5) with the cardinality of A satisfying |A| < (^J) 
The same result holds for Q(Vi, V 2 ;5). □ 

Definition 3. Suppose that A4 is a diffuse von Neumann algebra with a tracial 
state t. Then a unitary element u in M is called a Haar unitary i/r(n m ) = when 
m 7^ 0. 

Theorem 4. Suppose A4 is a diffuse von Neumann algebra with a tracial state r. 
Suppose M is a diffuse von Neumann subalgebra of M. and u is a unitary element in 



\V p U — UW p \\2 < 



M such that &2{N) = and {M,u} generates M. as a von Neumann algebra. If there 
exist Haar unitary elements v±,V2, ■ ■ ■ and w\ , W2 , • • • inM such that \\v n u — uw n \\ 2 — > 0, 
then &2(M) = 0. In particular, if there are Haar unitary elements v,w in M, such that 
vu = uw, then ^2 (-M.) = 0. 

PROOF. Suppose that {x\, . . . , x n } is a family of generators of AT. Then we know 
that {xi, . . . , x n , u} is a family of generators of A4. 

For every 0<w<l,0<r<l, there exist an integer p > and two Haar unitary 
elements v p , w p in TV such that 

TO 

65' 

Note that {x\, . . . , x n , v p , w p } is also a family of generators of AT. 

For J? > 1, m £ N, e > and k € N, by the definition of the orbit cover- 
ing number, there exists a set {U(B X , . . . , B x , V x , W x ; ^j)}AeA fc of ^-orbit-balls in 
A4k{C) n+2 that cover Tr(xi, . . . , x n , v p , w p ; m, k, e), where the cardinality of A satisfies 

fe, e),^). When m is sufficient large, e is sufficient 
small, by Proposition 1 we can assume that all V X ,W X are Haar unitary matrices in 
M k (C). 

For m sufficiently large and e sufficiently small, when (A\, . . . , A n , V, W, U) is con- 
tained in Fr(xi, . . . , x n , v p , w p , u; m, k, e) then, by Proposition 1, there exists a unitary 
element U\ in U(k) so that 

ruj ruj 
\\Ui-U\\ 2 <— and \\VUi - *W|| 2 < — . 

It is easy to see that (A±, . . . , A n , V, W) is also in Fr(xi, . . . , x n ,v p , w p ; m, k, e). Since 
, x n , Vp, Wp, m, k, e) is covered by the set {U(B X , ... , B x , V x , W x ; ^)} A gA fc of 
^-orbit-balls, there exist some A G and X G U(k) such that 

\\(A 1 ,...,A n ,V,W)- (XB X X* XB X X* , XV X X* , XW X X*)\\ 2 < ^. 

Hence, 

||y A x*[/iA: - x*u 1 xw x \\ 2 = \\xv x x*Ui - Uixw x x*\\ 2 < — . 

16 

Note that V x , W x were chosen to be Haar unitary matrices in A4k(C). From Lemma 
3, it follows that there exists a set {Ball(U x<(T ; j)}a<=i: k of j-balls in U(k) that cover 

£l(V x , W x ; jg) with |S fc | < (^j) 4 ^ , i.e., there exists some U x , a in {U X:(T } ae j: k such that 

\\X*U 1 X-U X:a \\2 = \\U 1 -XU X:a X*\\2 < j. 

Thus for such an (A\, . . . , A n , V, W, U) in Tr{x\, . . . , x n , v p , w p , u; m, k, e), there exists 
some (Bf, . . . , B x , V x , W x ) and U x , a such that 

\\(A U ...,A n ,U)- (XB X X*, . . .,XB x X*,XU x , a X*)\\ 2 < |, 

for some X G U(k), i.e., 

(A 1 ,...,A n ,U)eU(B x ,...,B x ,U Xta ,oj). 
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Hence, by the definition of the free orbit-dimension, we have shown 
< &(xi, . . . , x n , u : v v , w v ; u, R) < inf limsup — — — 

y y ' meN,e>0 fc^oo -fc 2 logu; 



m£N,e>o fc— joo I ~~ A; 2 log a; —A; 2 logo; 

log 24 — log u 

< + 4r • — ^— — 

— logo; 

since ^2(^1, • • • , ^n, u P) %>) < £2 (A/*) = 0. Thus, by Lemma 2, 

log 24 — log u 



< &(x\, . . . , x n , w; id) = &(xi, . . . , x n , u : u p , tOj,; w) < 4r 



log a; 



Because r is an arbitrarily small positive number, we have M.(xi, . . . ,x n ,u;u) = 0; 
whence, &2(xi, ■■■,x n ,u) =0. By Theorem 1, ^{AA) = 0. □ 



Using the results in [111 Theorem 18], the preceding theorem can be easily extended 
as follows. 

Theorem 5. Suppose Ad is a von Neumann algebra with a tracial state r. Suppose 
Af is a von Neumann subalgebra of AA and a is an element in AA such that £2 (AT) = 0, 
and {AT, a} generates AA as a von Neumann algebra. If there exist two normal operators 
61, 62 in Af such that b\, 62 have no common eigenvalues and ab\ = b^a, then &2{AA) = 0. 

Theorem 6. Suppose AA is a von Neumann algebra with a tracial state r. Suppose 
Ai is generated by von Neumann subalgebras Af\ and M2 of AA. If &i{N\) = -^2(^/2) = 
and Af\ nA/2 is a diffuse von Neumann subalgebra of AA, then ^(AA) = 0. 

Proof. Suppose that {xi, . . . , x n } is a family of generators of Af± and {yi, . . . , y p } 
a family of generators of A/2. Since Af\ H A/2 is a diffuse von Neumann subalgebra, we 
can find a Haar unitary u in AT\ D A2. 

For every R > 1 + maxi<i< n) i<j< p {\\xi\\, \\yj\\}, < id < < r < 1 and m € N, 
e > 0, k G N, there exists a set {U(B^, . . . , ?7 A ; 2^)}AeA fc of ^-orbit-balls in 
AA k (C) n+1 covering T R (xi, . . .,x n ,u;m, k,e) with |A fe | = v(T R (xi, . . .,x n ,u;m, k,e), j^) 

Also there exists a set {W(Z?f , . . . , D°, U a ; of ^j-orbit-balls in M k (C) p+l 

that cover T R (yi, . . . ,y p , u; m, k, e) with |S fc | = u(T R (y 1 , ... ,y p ,u; m, k, e), ^). When 
m is sufficiently large and e is sufficiently small, by Proposition 1 we can assume all U\, 
U a to be Haar unitary matrices in AAk{C). 

For each (A x , . . . , A n ,d, . . . ,C P ,U) in T R (xi, ...,x n ,yi,.. . ,y p ,u;m,k,e), we know 
that (A\, . . . , An, U) is contained in T R (x\, . . . k, e) and (C%, . . . , C p , U) is con- 

tained in T R (yi, . . . ,y p ,u; m, k, e). Note T R (x\, . . . . Xy~l^ Illy TYll . k,e) is covered by the set 
{U{B£, ...,B*, U x \ ^)}AeA fc of ^-orbit-balls and T R (y 1 ,. ..,y p , it; m, k, e) is covered 
by the set {U(D° , . . . , B'L, U a ; 5j^)}o-e£fc °f ^.-orbit-balls. Hence, there exist some 



A G Afc, a G Sfc and Wi, W2 in U (k) such that 

||(Ai, . . . , An, 17) - (Wi^W?, . . . , Wi^W?, WiEW)|| 2 < 



Hence, 



24i? 

||(d, . . . , c p , co - (w^fWz , . . . , w 2 d°wz, w 2 u a w;)h < 



From our assumption that Ux,U a are Haar unitary matrices in A4fc(C), by Lemma 3 
we know that there exists a set {Ball{U\ a ^; s^KeXfc of ^-balls in that cover 

£l(U\,U a ; y|^) with the cardinality of Ik never exceeding (^fp) 4rfc • Then there exists 
some 7 G Xfc such that \\W 2 W\ — U\ C1 \\ 2 < This in turn implies 

||(Ai, . . . , A n , d, . . . , C p , U)-(W 2 U Xai B^Ul r71 Wi, W 2 U Xal B^U* X(T1 W 2 *, 

W 2 D{W%, . . . , W 2 D a p W^ W 2 U a W%)\\ 2 < nuj 
for some A G Afc, a G Efc, 7 G 2fc and W 2 G ZY(fe), i.e., 

(A 1; . . . , A n , C l5 . . . , C p , U) G U(U Xai B$U* Xaj , . . . , U Xai B^ aV D<[ , . . . , 7J£, t^; 2nw). 

Hence, by the definition of the free orbit-dimension we get 

Bf o m ^ • r v logdAfcllSfcUXfel) 
&{xi,...,x n ,yi,...,y p ,u;2nuj,R) < mf hmsup ^ — - — r— 

meN,e>0 k->oc ~ k log(znw) 

/ log(|A fc |) logjSfcQ , logflZ, 
< mi hm sup 5 r H 5 + 



m£N,e>o fc^oo \ — & 2 log(2na;) — k 2 log(2nuj) —k 2 log(2nuj) 
log (^) 



< + inf lim sup 

< 4r 



meN,e>o fc^oo — k 2 log(2nw) 
log(18i2) - logw 



— \og{2nuo) 

since R 2 (Ni) = ^2(^2) = 0. Since r is an arbitrarily small positive number, we get 
that &(xi,...,x n ,yi,...,y p ,u;2nu;,R) = 0; whence & 2 (x\, . . . , x n , yi, . . . , y p , u) = 0. 
By Theorem 1, & 2 (M) = 0. □ 

4. Applications 

In this section, we discuss a few applications of the results from the last section. 
Let L(F n ) denote the free group factor on n generators. By Voiculescu's fundamental 
result in pQ, we know 5o(L(F n )) > n, where 5q is Voiculescu's free entropy dimension. 
By combining Theorem 1, 2, 3, 4, 5 and 6, we can easily obtain the results in [2j, [3]. 
|4j. [5]. and Here are a few sample improvements. 

The following lemma can be proved using Theorem 5.3 of |13j . 

Lemma 4. If M is a II\ factor with property V with the tracial state t, then there 
are a hyperfinite II\ factor 1Z and a sequence {u n } of Haar unitary elements of 1Z such 
that 

1 1 xif^x xiXfi II2 ^ 
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for every x € A4. 

Corollary 1. If M is a II\ factor with property T, then & 2 (M) = 0. 

Proof. Choose a hyperfinite Hi factor 1Z and a sequence of Haar unitary elements 
ui,U2, ■ ■ ■ in 1Z such that linv^oo \\xu n — u n x\\2 = 4 for every x in A4. Since TZ is 
hyperfinite, & 2 (TZ) = 0. If {v\, V2, . . .} is a sequence of Haar unitaries that generate A4. 
it inductively follows from Theorem 4 that, for each n > 1 

& 2 ((KU{v 1 ,...,v n })") =0. 

Whence, by Theorem 3, & 2 (M) = 0. □ 

A maximal abelian self-adjoint subalgebra (or, masa) A in a Hi factor A4 is called 
a Cartan subalgebra if the normalizer algebra of A, 

M (.4) = {ueW( J M): u'iii C .4}" 

equals At. We define A/fc+i (-4) = M (A4 (A)) for fc > 1, and Af^ (A) = (lJ 1<k<00 Nk (A) 
The following is a direct consequence of Theorems 4 and 3. 

Corollary 2. Suppose A4 is a type II\ factor, and A is a diffuse von Neumann 
subalgebra with R 2 (A) = 0. If M = A4 (A) for some k, 1 < k < 00, then K 2 (M) = 0, 
and 5 (M) < 1. 

Many important applications of free entropy to finite von Neumann algebras (non- 
prime factors, some Hi factors with property T) are consequences of a result of L. Ge 
and J. Shen [3], which states that if A4 is a Hi von Neumann algebra generated by a 
sequence of Haar unitary elements in M. such that each Ui + iUiU* +1 is in the von 

Neumann subalgebra generated by {ui, . . . ,m} in A4, then 5o(A4) < 1. This result is 
an easy consequence of Theorem 4. Here is a sample of a result that is stronger. 

Corollary 3. Suppose M. is a factor of type II\ that is generated by a family 
{uij : 1 < i,j < 00} of Haar unitary elements in A4 such that 

(1) for each i,j, Ui+i ,jUijU* + i is in the von Neumann subalgebra generated by 
{uij, . . . ,Uij}; and 

(2) for each j > 1, {u lj ,u 2j ,...}f]{u 1J+1 ,u 2 j +1 ,...} ^ 0. 

Then 8. 2 {M) = 0, 5q{M) < 1. Thus A4 is not *-isomorphic to any L(F(n)) for 
n > 2. 

Remark 1. Many new examples can be obtained by using the preceding corollary. 
For example, suppose that G is a group generated by elements a, b, c such that ab 2 = b 3 a 
and ac 2 = c 3 a. The group von Neumann algebra associated with G is a type II\ factor, 
and the preceding corollary easily implies that R 2 (L(G)) = and 5q(L(G)) < 1. 

The next two corollaries follows directly from Corollary 3. 

Corollary 4. Suppose A4 is a nonprime II\ factor, i.e. A4 c± J\f\ ® M 2 for some 
III subf actors M\,N 2 . Then & 2 (M) = 0, 5q{M) < 1. Thus M is not * -isomorphic to 
any L{F{n)) for n > 2. 
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Corollary 5. If Ml = L(SL(Z,,2m + 1)) is the group von Neumann algebra asso- 
ciated with SL(Z, 2m + 1) (the special linear group with integer entries) for m > 1, then 
&2(M) = 0, 5q(M) < 1. Thus M is not * -isomorphic to any L(F(n)) for n > 2. 

In |§j L. Ge and S. Popa denned a type Hi factor to be weakly n-thin, if it contains 
hyperfinite subalgebras TZo^TZi and n vectors • • ,£n in L 2 (M.,t) such that M. = 
span"'" 2 (7£o{£ii • • • ,^n}R-i) • They showed that L(F m ) is not weakly n-thin for m > 
2 + 2n. Motivated by these facts, we have the following definition. 

Definition 4. A type II\ factor A4 with the tracial state r is weakly .ft-thin (or, 
respectively, weakly n-R-thin) if there exist von Neumann subalgebras Mo, Mi of Ai with 
&2 (Mo) = $2 (Mi) = and a vector £ (or, respectively, n vectors £i, . . . , £ n ) in L 2 (.M, r) 
suc/i that span^ 2 (Mo^Mi) = L 2 (Ai,r) (or, respectively, span"'" 2 A/q{£i, . . . , £ n }-A/i = 



Theorem 7. Suppose that M. is a finitely generated weakly n-^-thin type II\ factor 
with a tracial state r. T/ien &\(M.) < 1 + 2n and 5q(M) < 2 + 2n. 77ms .A/f is noi 
*-isomorphic to L(F m ) for m > 2 + 2n. 

Proof. Suppose family of self-adjoint elements in A4 that generate 

.M as a von Neumann algebra. Note there exist von Neumann subalgebras No, Mi 
of M with &2(No) = £2 (-A/i) = and n vectors in L 2 (.M,t) such that 

s]«xn" " 2 A/o{£i, . . . , £n}A/i = L 2 (A4, r). We can choose self-adjoint elements yi,y2, ■ ■ ■ , 
y2n-i,U2n in Ml to approximate i?e£i, 7m£i, . . . , Re£ n , 7m£ n , respectively. Hence, for 
any positive u < 1, there are a positive integer iV, elements {«ij,j}i<i<p,i<j<iv,i<i<2n 
in A/o, {^j,i}i<i<p,i<i<Ar,i<z<2n in -A/i, and self-adjoint elements yi,... ,y2n in X such 
that 



Without loss of generality, we can assume that {cti,j,i}i<i< P ,i<j<N,i<i<n generates Mo 
and {&t,j,j}i<i<p,i<j<jv,l<i<fi generates Mi as von Neumann algebras. Otherwise we 
should add generators of Mo, Mi into the families. 

Let a be maxi<j< p {||xj||2}-|-2. From now on the sequence z\, . . . , z s , . . . , zt is denoted 
by (z s ) s =i,...,t or (z s ) s if there is no confusion arising from the range of index, where z s 
is an element in Ml or a matrix in .Mfc(C). 



For R > a, define mapping ijj : (TW^C)^) 2 " x M k (C) 2n x (TW^C)^) 2 ™ -> M fc (C) 



L 2 (M,r)). 




i=i 



j=i i=i 



as follows 



AT 2n 



^((7^, (Fjj)ji) = J2Y1 D j,l E l L U- 



3=1 1=1 



12 



Let (M k (C)) R be the collection of all A in M k (C) such that \\A\\ < R. Then there 
always exists a constant D > 1, not depending on k, such that 



(4-1) II (V>(K^7, WJi, (B^-,), . . . , ^((^) j7 , (y,),, (B^) 

< d\\ ((4lih^ B Zihi) ~ {(^hhidB^hi) h, 

for all 

{^l^B^A^B^^ c (M k (C)) R Vk e N. 
For m sufficiently large, e sufficiently small and k sufficiently large, if 
(Xi, . . . ,X p , (Aij t i)iji, [Yi)i, {Bij t i)iji) G T R (xi, ... ,x p , (a^y)^, {yi)u {h,j,i)iji\ k,m, e), 
then 

(4.2) \\(X U . . . ,X p )-(iP((A 1J:l ) jh (Y t ) h {B 1Jtl ) jl ), . . . M(A p ,j,i)ji, W)i> {B p , 3 ,i) 3i))h 

p N 2n 

= (Eii^-EE^,^iiI) 1/2 <|, 

i=l j=l 1=1 

and 

((A,j,l)ijl) G r fl((°iJ,l)iji; m ' e )> and (( B i,j,l)ijl) G ^R((bi,j,l)iji; k, m, e). 

On the other hand, from the definition of the orbit covering number, it follows there 
exists a set {W((^ 7 ) ij7 ; T ^)} Ae A fc , or {^((B^)^; T ^)} CT6Sfc , of ^-orbit-balls that 
cover T R ((aij : i)iji;k,m,e), or T R {{bijj) i3 i; k, m, e) respectively, with 

|A fc | = ^(rfl((aij,i)iji;fc,m,e),^), |E fc | = K r /?((kj,z)^; m, e), ^). 

Therefore for such sequence ((-Ajjy)^, (B iy jj)iji), there exist some A G a G T> k and 
VFi, W 2 in U{k) such that 

(4.3) || {{A hhl ) ljh ill,..,.,),,,) - ((Wi^Wr)^,, (WaBf^WD^-Olla < ^- 
Thus, from (4.1), (4.2) and (4.3), it follows that 

(4.4) llpd, ...,X p )- (yWiA^Wi)^ (y,)i, (W^Bf^WDj-,), 

... ^((^^^^^(yo^^B^w?^)) || 2 

E ii^ -EE ^-.i^^f^iii < 

i<i< p j=i /=i y 

Hence 

1/2 



A 2n 

(4.5) ( J] 11^*^^! - W^T^iHl 



l<i<p j=l 1=1 



< 

~ 4 
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By a result of Szarek, there exists a 4^-net {U~/}'y(zi c in U(J$) that cover U{Jz) with 

respect to the uniform norm such that the cardinality of does not exceed (^p-) fc2 , 
where C is a universal constant. Thus HWJ Wi — U^\\ < for some 7 G X k . Because 
of (4.5), we know 

N 2n 

(4.6) || J2T, A Ll W * Y l W ^ B lj,lh < \\Xih+u>< a. 

j=i 1=1 

From (4.5) and (4.6), we have 

(4-7) ( £ -ijzfl A Li W ? Y i W * B li)\ U4l\ < I 

\i<i<p \j=i 1=1 J J 

Define a linear mapping ^0-7 : Mk(C) 2n ^Mk(C) p as follows; 

/-. N 2n 



j=l 1=1 



i=l,...,p 



Let 3^0-7 be the range of ^Ao-7 in Mk{C) p . It is easy to see that dxa-y is a reahlinear 
subspace of .Mfc(C) p whose real dimension does not exceed 2nk 2 . Therefore the bounded 
subset 

(4.8) {(H 1 ,...,H p )e3 Xay I \\(H 1 ,...,H p )\\ 2 <ap} 

of MkiC-Y can be covered by a set {(H^ a ' y ' p , . . . Hp al ' p )} pe s k of w-balls with the cardi- 
nality of S k satisfying \S k \ < (2££) 2 ™ fc2 . But we know from (4.6) that 

(4.9) 

N 2n 



i=i 1=1 

V , N 2n 



i=l,...,p 



2 

1/2 



E 11 ^ E E ( A Li w * Y i w ^ B i,j,i) ^ + (( A Li w ? Y i w * B Zj,i) U ^Y 112 



j=i j=i 1=1 

< ap, 
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\\2 
i=l,...,p 



and from (4.7) we have 
(4.10) 

\\(W;x 1 W 1 , WlX p Wx) - ^ Xa7 (W^YxW 2 , W?Y 2n W 2 )\\ 2 
= \\(W 1 *X 1 W 1 ,...,W?X P W 1 )- 

(N 2n 
3=1 1=1 
< OJ. 

Thus, from (4.8), (4.9) and (4.10), there exists some p S such that 

\\{W^X 1 W 1 , W^X P W{) - (H^' p , . . . H^)h < 2w. 
By the definition of the free orbit-dimension, we know that 

at i \ ( \ i-l \ a D \ / • ■ e v log(|Afe||Sfc||Xfc||«Sfc|) 

< mf Hmsu ( lQ gl^l | lQ gl^l | M^)^) 2 "^ 
~~ m€N,e>o V-»<x> 1 -k 2 log(4cj) -k 2 log(4cj) -k 2 log(4w) J 

_ log(4 • (3ap) 2n ■ apC) - (2n + 1) log a; 

+ + - log(4u,) 

since £2 CM)) = $2 CM.) = 0. Thus, by Lemma 2 

< &(x!, . . . ,x p ;4u) =Si(x 1 ,...,x p : (aiji)iji,(yi)i,(biji)iji;4w) 
, log(4 • (3ap) 2n ■ apC) - (2n + 1) logo; 
- log(4w) 

By the definition of the free orbit-dimension, we obtain 

*<„,..., *,) < limaup lo g (4-(3 a »f".apC)- (2n + l)lo g . < t + 2n 
w-*0 - log (4a; ) 

Hence, fii{M) < 1 + 2n and 5 (A4) < 2 + 2n. □ 



Remark 2. T/ie mapping a i— > a* extends from A4 to a unitary map on L 2 (A4, r) , 
so /or £ £ L 2 (M,t) , it makes sense to talk about Ret; = (£ + £*) /2 and Im£ = 
(£ ~~ £*) /2i- ^ n particular, it makes sense to talk about self-adjoint elements of 1? (Ad, r) . 
If we have span" '" 2 Mo{£i, . . . , £ n }Mi = L 2 (A4, r) mf/i £i, • • • , £n self-adjoint elements 
in L 2 (M,t) , i/te proo/ o/ Theorem 7 yields &i(M) < 1 + n and 5q(M) < 2 + n. 

Combining Theorem 7 and the preceding remark with Theorem 3, we have the 
following corollaries (see also jjj] and [H]). 

Corollary 6. L(F n ) has no simple maximal abelian self-adjoint subalgebra for 
n > 4. 

Corollary 7. L(F n ) is not a R-thin factor for n > 4. 
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Remark 3. Another corollary of Theorem 7 is as follows. Suppose M. is a II\ 
factor with a tracial state r. Suppose that M is a subf actor of M. with finite index, i.e., 
[M : M] = r < oo. If & 2 {N) = 0, then &i{M) < 2[r] + 3 and 5 (M) < 2[r] + 4 where 
[r] is the integer part ofr. 
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